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In this paper, we outline the development of the core optimization technology used within a decision support
tool to help providers and caretakers in constructing catch-up schedules for childhood immunization. These
schedules ensure that a child continues to receive timely coverage against vaccine preventable diseases in the
likely event that one or more doses have been delayed.

This work, a collaborative effort between the Centers for Disease Control and Prevention (CDC) and
Georgia Institute of Technology, achieves a long-standing goal of providing a freely available and easy to
use tool that removes from the task of constructing a catch-up schedule the tedious combinatorial aspects
while maintaining a level of generality that allows easy accommodation for changes in the existing rules and
adding new vaccines to the schedule lineup.

Although the catch-up scheduling problem is NP-hard, we develop a Dynamic Programming algorithm
that exploits the typical size and structure of the problem to construct optimized schedules at almost the
click of a button. In using an optimization based algorithm, our approach is unique not only in methodology
but also in the information, strategy and advice we can offer to the user.

The tool is being advocated by both the CDC and the American Academy of Pediatrics (AAP) as a
means of encouraging caretakers and providers to take a more proactive role in ensuring timely vaccination
coverage of children under their care, as well as ensuring the accuracy and quality of a catch-up regime.

Introduction

to be one of the most beneficial and cost effec-

With the goal of ensuring timely and accurate
administration of vaccines, the Advisory Com-
mittee on Immunization Practices (ACIP) of
the CDC together with the AAP and the Amer-
ican Academy of Family Physicians (AAFP)
annually publish a recommended immunization
schedule for children aged 0 to 6 years (see
Figure 1 and CDC (2008c¢)). For a child who
misses the recommended time for a dose, a
healthcare professional faces the challenging
task of constructing a catch-up schedule for that
child under certain rules and guidelines for the
administration of the remaining doses. These
rules and guidelines specify the feasible num-
ber, timing and spacing of doses of each vaccine
based on the child’s age, the number of doses
already received, and the child’s age when each
dose was previously administered (see Figure 2
and CDC (2008c) for a summary of guidelines
for catch-up immunization).

Immunization programs have a significant
impact on public health and have been shown

tive disease prevention measures (Zhou et al.
(2005) and Maciosek et al. (2006)). Although
most school going children in the United States
that are six years and over are deemed cov-
ered against vaccine preventable diseases, most
do not receive the optimal protection due to
incomplete, untimely or erroneous vaccination.
A comprehensive study carried out by Luman
et al. (2002) found that only 9% of children sur-
veyed received all of their vaccinations at the
recommended times and that only half received
all their recommended doses by their second
birthday. More recent data gathered as part of
the National Immunization Survey (see CDC
(2008b)) indicate only slight improvement in
immunization coverage rates for individual vac-
cines. The introduction of new vaccines to the
recommended schedule adds complexity and the
potential for deterioration in the overall time-
liness of vaccination. Once a child falls behind
the recommended schedule, statistics indicate
that they often do not catch-up until close to
reaching a school going age when an accelerated
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Figure 1

Recommended Immunization Schedule for Persons Aged 0-6 Years.

DEPARTMENT OF HEALTH AND HUMAN SERVICES * CENTERS FOR DISEASE CONTROL AND PREVENTION

Recommended Immunization Schedule for Persons Aged 0-6 Years—uniten STATES - 2007

R Age» | Birth 1 2 4 6 12 15 18 19-23 | 2-3 4-6
Vaccinev 9 month | months | months | months | months | months | months | months | years | years
Hepatitis B' HepB HepB footee 1 HepB HepB Series
Rotavirus® Rota | Rota | Rota Range of
recommended
Diphtheria, Tetanus, Pertussis’ DTaP | DTaP | DTaP DTaP DTaP ages
Haemophilus influenzae type b’ Hib Hib Hib* Hib Hib
[ |
|
Pneumococcal® PCV | PCV | PCV PCV P(I:"I”V Catch-up
} immunization
Inactivated Poliovirus IPV IPV IPV 1PV
| | |
I I I
Influenza® Influenza (Yearly) -
} Certain
Measles, Mumps, Rubella’ MMR mmR | high-risk
i groups
1
Varicella® Varicella Varicella
|
1
Hepatitis A’ HepA (2 doses) HepA Series
|
1
Meningococcal” MPSV4
i

This schedule indicates the recommended ages for routine administration of currently licensed
childhood vaccines, as of December 1, 2006, for children aged 0-6 years. Additional information
is available at http://www.cdc.gov/nip/recs/child-schedule.htm. Any dose not administered at the
recommended age should be administered at any subsequent visit, when indicated and
feasible. Additional vaccines may be licensed and recommended during the year. Licensed
combination vaccines may be used wh any comy of the ination are indicated and

other components of the vaccine are not contraindicated and if approved by the Food and Drug
Administration for that dose of the series. Providers should consult the respective Advisory

ittee on ization Practices for detailed r ions. Clinically signifi
adverse events that follow immunization should be reported to the Vaccine Adverse Event
Reporting System (VAERS). Guidance about how to obtain and complete a VAERS form is
available at http://www.vaers, hhs.gov or by telephone, 800-822-7967.

regime is most likely administered to meet the
minimum coverage mandated by most schools.

Several factors contribute to poor and
untimely vacination rates. Some, such as
parental misunderstanding and logistical diffi-
culties affected by various environmental and
socioeconomic factors are generally difficult to
address and remedy. However, the problem is
often exacerbated by incomplete and inaccurate
catch-up schedules constructed by healthcare
professionals. Constructing an accurate catch-
up schedule is both a challenging and time con-
suming task. It therefore comes as no surprise
that healthcare professionals struggle to con-
struct manually, catch-up schedules that reflect
the best possible coverage for a child (Cohen
et al. (2003) and Irigoyen et al. (2003)) and
providers often fail to identify opportunities to
vaccinate a child who may be at a clinic for pur-
poses other than vaccination (Holt et al. (1996)
and Szilagyi et al. (1993)). The complexity of
the task is highlighted by the survey carried
out by Cohen et al. (2003) in which healthcare
professionals were asked to construct catch-up
schedules for 6 different hypothetical scenar-
ios describing children who have fallen behind.

On average, only 1.83 out of the schedules con-
structed for the 6 scenarios were deemed cor-
rect. Indeed, 81% of the respondents were of the
opinion that the catch-up regimes were “diffi-
cult or very difficult” to design.

In this paper, we investigate the catch-up
scheduling problem and outline a Dynamic
Programming (DP) algorithm that has been
successfully adopted within a tool (download-
able from www.cdc.gov/vaccines/scheduler/
catchup.htm) developed jointly by CDC and
Georgia Institute of Technology to help care-
takers and providers make timely and accurate
decisions with regards to childhood vaccination.

1.1. Prevailing Technologies

The concept of a decision support tool to aid
physicians in the important task of constructing
catch-up schedules is not new. Currently, most
Immunization Information Systems (formerly
Immunization Registries) have some form of
decision support tool for immunization schedul-
ing (see CDC (2008a)). However, the avail-
ability and participation of providers in using
Immunization Information Systems vary wildly
by state and the type of provider (Rasulnia
and Kelly (2006)). Furthermore, these tools are
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Figure 2

Guidelines for Catch-up Immunization Scheduling

CATCH-UP SCHEDULE FOR PERSONS AGED 4 MONTHS-6 YEARS

V: - Minimum Age Minimum Interval Between Doses
accine for Dose 1 Dose 1 to Dose 2 Dose 2 to Dose 3 Dose 3 to Dose 4 Dose 4 to Dose 5
L . 8 weeks
Hepatms B' Birth 4 weeks (and 16 weeks after first dose)
Rotavirus® 6 wks 4 weeks 4 weeks
Diphtheria, Tetanus, Pertussis’ 6 wks 4 weeks 4 weeks 6 months 6 months?
4 weeks*
4 week )
M hil if first dose administered at age <12 months s i curr:(nt a(ge <le mlu:ths " 8 %ve:ks (‘as final d?se)
iaemopniius 8 weeks (as final dose) » weekKs (as final dose, This dose only necessary for
. 6wks - if t age =12 months and hild d 12 months-5
1 ¥ if current age =12 months an children aged 12 months-5 years
influenzae type b’ if f":; do:e ai:m\stzed atage 12 TLmz;ﬁhS second dose administered at age <15 months who received 3 doses
. No further doses neede No further doses needed before age 12 months
iffirst dose administered at age =15 months if previous dose administered at age =15months
4 weeks
if first dose administered at age <12 months 4 weeks
and current age <24 months if current age <12 months 8 weeks (as final dose)
8 weeks (as final dose) 8 weeks (as final dose) This dose only necessary for
Pneumococcal® 6 wks if first dose administered at age =12 months if current age =12 months children aged 12 months-5 years
or current age 24-59 months No further doses needed \l/]vhfo received 3 dosl:zs
No further doses needed for healthy children if previous dose efore age 12 months
for healthy children if first dose administered administered at age =24 months
at age =24 months
Inactivated Poliovirus® 6 wks 4 weeks 4 weeks 4 weeks®
Measles, Mumps, Rubella’ 12 mos 4 weeks
Varicella® 12 mos 3 months
Hepatitis A° 12 mos 6 months

somewhat limited with regards to the length of
the scheduling horizon (i.e., only give a sched-
ule for the current and next doses that are
due), and follow rule-based decision making
(also known as expert systems) that sequen-
tially go through and schedule each vaccine
individually (Miller et al. (1997) and Miller
(1997)). There are several drawbacks to this
approach. First, when there are changes in the
rules or addition of new vaccines, the internal
logic behind the tool needs to be updated as
well, which is often a lengthy process in the
order of months. Second, sequential decision
making cannot effectively optimize a schedule
under rules that couple together the decision
making for scheduling doses of different vac-
cines. With the growing number of vaccines and
introduction of new combination vaccines, func-
tionality that captures the coupling effects of
different vaccines within a decision support tool
has become increasingly important and clearly,
the availability and scope of the current tech-
nologies are soon to be inadequate in coping
with the needs of a provider or caretaker.

In what follows, we give a precise descrip-
tion of the catch-up scheduling problem in §2,
a brief outline of relevant literature in §3, ana-
lyze the complexity of the problem in §4, discuss

our experience with optimization techniques (in
particular dynamic programming) as a possi-
ble solution approach in §5, present solutions
obtained for two real-life scenarios in §6, and
relay some preliminary statistics about the use
of the tool and initial feedback from both physi-
cians and parent in §7.

2. Problem Description and Notation

Given the current age of a child and their vac-
cination history (i.e., the number and timing
of doses of each vaccine already administered),
the catch-up scheduling problem is one of con-
structing a schedule for the remaining doses so
that each dose is scheduled within the minimum
and maximum age for that vaccine and dose,
and the time separation between (not necessar-
ily successive) doses of the same vaccine does
not violate a certain minimum gap. This min-
imum gap may vary by vaccine, dose, current
age and/or age at which some previous dose is
administered. For example, the minimum gap
between the second and third dose of Hib is 4
weeks if the current age is < 12 months, and the
minimum gap is 8 weeks if the current age is >
12 months and the second dose is administered
at age < 15 months. In addition to regulat-
ing the gap between doses of the same vaccine,

LA “live virus” vaccine is a vaccine that contains a “living” virus that is able to give and produce immunity, usually

without causing illness.
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doses of live! vaccines can only be administered
during the same visit or at least a certain num-
ber of fixed days apart (28 days under the cur-
rent guidelines). Finally, the number of simulta-
neous administrations (i.e., number of vaccina-
tions administered during a single visit) may be
discretionarily limited to avoid significant dis-
comfort to a child.

Note that even without imposing a limit on
the number of simultaneous vaccinations, it
may not be possible to construct a schedule in
which all the remaining doses can be feasibly
scheduled. If a dose for some vaccine cannot be
scheduled, the vaccination series for that vac-
cine is considered incomplete.

In certain cases depending on the child’s age
and/or the age at which some previous dose
is given, it may be beneficial or necessary to
prematurely terminate a series. For example, a
child normally receives 4 doses of PCV, how-
ever, the second dose is deemed final if the first
dose is administered at age > 12 months or the
current age is 24-59 months. In either case, the
third and forth doses are unnecessary. This form
of contraindication can be captured by setting
the required gap between the appropriate pair
of doses to infinity for the appropriate range for
the current age and the age when the earlier
dose in the pair is administered. For example,
Table 1 demonstrates how one can capture the
required spacing and contraindication between
the first dose and each subsequent dose of PC'V.
Note that in addition to the contraindication
mentioned earlier, if the first dose of PCV is
given on or after 24 months, then all subsequent
doses are contraindicated.

Given the structure of the rules governing
the spacing between doses, it maybe possible to
force a contraindication by unnecessarily delay-
ing the administration of some dose. Thus,
when constructing a schedule, we are required
to maximize the number of completable vacci-
nation series, and among such candidate sched-
ules, maximize the total number of scheduled
doses and minimize the total delay from the rec-
ommended age of administering these doses.

We next introduce notation characterizing
the catch-up scheduling problem more formally:

|4 the set of vaccines.

T the total number of doses that constitute
the completion of a vaccination series of
veV.

tr"  the minimum age for administering dose
i€{l,...,n,} of veV.

the maximum age for administering dose

ie{l,...,n,} of veV.

ty¢  the recommended age for administering
dosei€{1,...,n,} of vEV.

tol;(tiyt;) the minimum gap  required
between dose i and dose j > i of vaccine
v when ¢ is administered at age ¢;, and
J is being considered for administration
at age t;.

Vive C V' the set of live vaccines.

t'we  the minimum gap required between
doses of any live vaccines when they are
not administered during the same visit.

M the maximum number of simultaneous
administrations.

Given a schedule denoted by s, we use the fol-

lowing notation to define the number and tim-

ing of doses scheduled along with some other

characteristics of s:

n,(s) the number of doses of vaccine v that
have been scheduled in s.

t,.i(s) is the age at which dose i € {1,...,n,(s)}
of v is scheduled in s.

m(s,t) the number of vaccinations sched-
uled at age ¢, ie., m(s,t) =
H{veV:t,(s)=t for some i}}|.

¢(s) the number of completable vaccination

series, i.e., ¢(s)=[{veV :n,=n,(s)}

the total number of doses scheduled, i.e.,

n(s) = Yoy muls).

d, i(s)the delay from the recommended age of
administering dose ¢ of vaccine v, i.e.,
dy.i(s) = max{0,t,(s) — ;5 }.

d(s) the total delay from the recommended
age of administering the scheduled
doses, i.e., d(s) =3, oy o d, 4 (s).

t(s) an age after which no doses have been
scheduled, i.e., t(s) >t,.(s) for all i €
{1,...,n,(s)} and v e V.

max
tv,i

For a given schedule s, we can then define

feasibility as follows: A schedule s is feasible if
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Table 1  The spacing between the first dose and remaining doses of PC'V
dose i | dose j > i age i is administered | age j is .co.nside.red min gap bet-ween
for administration ¢ and j
1 2 [0,12 months) [0, c0) 4 weeks
1 3 [0,12 months) [0, 00) 8 weeks
1 4 [0,12 months) [0, c0) 16 weeks
1 2 [12 months, co) [24, 60 months) 8 weeks
1 34 [12 months, co) [24, 60 months) 00
1 2,3, 4 [24 months, co) [0, c0) 00

F-1. s satisfies the time windows for individ-
ual doses, i.e. t7" <t,,(s) <t for all i €
{1,...,n,(s)} and v e V. '

F-2. s satisfies the gap requirements
between doses of the same vaccine, i.e.,
toi(8) = tui(s) 2 07 (tui(s), 1y ;(s)) for all i €
{1,...,n,(8)}, 5€{i+1,....,n,(s)} and v e V.

F-3. s satisfies the gap requirement between
doses of live vaccines, i.e.,

0, or

tus(5) =t { 5 f

for all i € {1,...,n,(s)}, 7€{1,...,n,(s)} and
v,w € Vhve,

F-/. No more than M doses are scheduled in
s at any given age, i.e. m(s,t) < M for all ¢.

We say that a schedule s’ is an extension
of schedule s, if s’ can be obtained from s by
scheduling any remaining doses of s after ¢(s).
The catch-up scheduling problem can then
be stated as follows: Given a feasible schedule
s, the catch-up scheduling problem is one of
extending s to a feasible schedule s* so that

c(s") c(s')
n(s*) | zr | n(s)
—d(s*) —d(s")

for any other feasible extension s’ of s. Here we
use >, to represent a lexicographical ordering
of vectors. Thus, s* is the best extension of s
with respect to (1) the number of completable
vaccination series, (2) the number of scheduled
doses, and (3) the total delay from the rec-
ommended age of administering the scheduled
doses, in the stated order of priority.

3. Similarities with Traditional
Scheduling Problems

There exists an extensive amount of research
and literature focused on scheduling and

sequencing problems. The reader is referred to
Brucker (2004), Pinedo (2002) and Chretienne
et al. (1995) for a thorough exposition on a vari-
ety of scheduling problems, complexity results
and solution approaches. Of particular inter-
est to us are scheduling problems with simple
“chain” type precedence constraints that are
analogous to scheduling doses of a vaccination
series.

The catch-up scheduling problem can be
viewed as a multi-processor scheduling problem
where a job corresponds to a particular dose of
some vaccine, and we have chain type prece-
dence requirements for jobs corresponding to
doses belonging to the same vaccine to ensure
that the doses are scheduled in sequence. The
number of available processors corresponds to
the maximum number of simultaneous admin-
istrations. In addition to chain type precedence
constraints, each job has a unit processing time,
release and due dates corresponding to the
allowable window for administering a dose, vari-
able separation times between jobs correspond-
ing to the doses of the same vaccine, and fixed
separation times between jobs corresponding to
the doses of live vaccines. Following are just
a few relevant examples from a much broader
spectrum of work on scheduling that share char-
acteristics with the catch-up scheduling prob-
lem.

Brucker et al. (1999), show that the two-
machine scheduling problem with chain prece-
dence and unit execution times is solvable in
linear time when minimizing makespan. Jansen
et al. (1995) show that the identical prob-
lem when forcing jobs to be executed on one
of the two machines is NP-complete. They
give an approximation scheme for minimizing
the makespan of the schedule. Chu and Proth
(1994), analyze a similar one-machine prob-
lem except the hardness in their problem arises
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from non-unit execution times and the require-
ment of spacing consecutive jobs in a chain
within a given minimum and maximum value.
They use a branch-and-bound algorithm to find
the optimal schedule, and use a heuristic pol-
icy to find schedules for intractable instances.
Wikum et al. (1994) analyze an identical prob-
lem with the addition of release dates. They
note that the problem is easy to solve if each
chain consists of a single job, and give a poly-
nomial algorithm to solve the problem under
these assumptions. Drora et al. (1997), show
that chain scheduling problem without release
dates and separation requirements remains NP-
complete when the objective is to minimize the
total completion times rather than makespan.
They also point out that a variation of the prob-
lem where jobs belonging to the same chain
have to processed on the same machine can
be polynomially solved. Finally, Kubiak et al.
(1998) prove that two-machine scheduling prob-
lem with chain precedence, unit execution times
and no more than two jobs per chain is polyno-
mial solvable in the presence of a single resource
constraint.

While the catch-up scheduling problem
encapsulates many of the complexities of the
above mentioned scheduling problems, it differs
from them in that it may not be possible to
construct a feasible schedule with all remaining
doses and since the required separation between
doses varies with not only the current age of
the child but also, the age at which some previ-
ous dose is administered. As a result, one has to
employ a multi-level objective that is not typi-
cally found in literature but at the same time,
ideally suited for DP.

4. Problem Complexity

We next highlight some of the main com-
plexities of the catch-up scheduling problem
by showing that the problem remains NP-
complete under various simplifications. The
analysis helps us identify some of the compli-
cating characteristics that need to be addressed
in the design of the DP algorithm outlined in
the next section.

ProroSITION 1. The catch-up scheduling prob-
lem is NP-complete without any restrictions on
the minimum gap between doses and without
live vaccines.

Proof We prove by reduction from the well
known NP-complete Set Packing problem (see
Garey and Johnson (1979)) defined as follows:
INPUT: A set of subsets Q ={Q1,...,Q..} of
the universal set U ={1,...,n}.

QUESTION: What is the largest packing (i.e.
number of disjoint subsets) of Q7

For convenience, we may assume without loss
of generality that for each i =1,...,m, the set
Qi ={4i1,¢.2,...} is ordered such that ¢, ; <
i, j+1 for all j = ]., N |Q,L| —1. Thus, {]., N ,m}
can be viewed as the set of vaccines and g; ;
the age at which dose j of vaccine ¢ must
be administered. The corresponding instance of
the catch-up scheduling problem can then be
obtained as follows:

- V:{v17"'7vm}7

- n,, =@ fori=1,...,m,

- i = gmar —gree — g, for all i =1,...,m
and j=1,...,n,,

- e (ty,t) =0 for all i =1,....m, j =

1,...n,, k=7+1,...,n,, t;, and t;,

_ Vlive — @’

- thve =0, and

- M=1.

Let s be an empty schedule (i.e., without any
doses scheduled) and ¢(s) =0.

Observe that a series of vaccine v; can be
completed only if each dose j € {1,...,|Q;|} is
scheduled at exactly the age ¢; ;. Thus, since
M =1 (i.e., no two vaccinations can be given
at the same age), finding a maximum pack-
ing is equivalent to finding an extension of s
with the most number of completable vaccina-
tion series. [

PROPOSITION 2. The catch-up scheduling prob-
lem is NP-complete without any restrictions on
the mazimum age for a dose and without live
vaccines.

Proof We again prove by reduction from the
NP-complete Set Packing problem defined ear-
lier in the proof of Proposition 1:

- V:{Ulv"'vvm}a

- n,, =|Q;|+1fori=1,...,m,
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min __ grec __ s .
-t =t =g foralli=1,...,mand j=
1,...,m,, —1,
min  __ 4rec — ; .
- By, = togn,, =N+ 1 foralli=1,...,m,
maxr __ . .
-ttt =00 for all ¢ =1,...,m and j =
1.0 ny,,

ot (b tk) = {ifjothi?{;ise for all ¢ =
1,...om,j=1,...,n,,k=7+1,...,n,,, and ¢,

_ Vlive — @7

- thve =0, and

- M=1.

Let s be an empty schedule (i.e. without any
doses scheduled) and ¢(s) = 0.

Observe that a series of vaccine v; can be
completed only if each dose j € {1,...,]|Q:|} is
scheduled at exactly the age ¢; ;. Indeed, if a
dose j is scheduled after ¢; ;, then any remaining
doses after j (of which there is at least one) can-
not be scheduled since the minimum gap would
be oo. Note that if the first n,, —1 doses can be
scheduled at age ¢;; for each j € {1,...,]Q|},
then the last dose can always be scheduled at
an age that does not interfere with any dose
of any other vaccine. Thus, since M =1 (i.e.
no two vaccinations can be given at the same
age), finding a maximum packing is equivalent
to finding an extension of s with the most num-
ber of completable vaccination series. [

ProrosSITION 3. The catch-up scheduling prob-
lem is NP-complete without any restriction on
the number of simultaneous administrations.

Proof We yet again prove by reduction from
the NP-complete Set Packing problem defined
earlier. This time however, we use the restric-
tions imposed by live vaccines:

- V:{Ul,...,’(}m},

- ny, =|Q; fori=1,...,m,

-t =1 =% = 2max{m,n}(g; — 1) +
tforalli=1,...,mand j=1,...,n,,

-t (g, te) = 0 for all i =1,....m, j =

Lo.oiny, k=j+1,...,n,, t; and t;,

_ Vlive — V,

- t'"¢ =max{m,n}, and

- M =o0.
Let s be an empty schedule (i.e. without any
doses scheduled) and #(s) = 0.

Firstly, observe that a series of wvaccine
v; can be completed only if each dose j €

{1,...,]Qi|} is scheduled at exactly the age
2max{m,n}(q; ; — 1) +i. Next observe that if
¢i,j = Q,1, then doses j and [ of vaccines ¢ and
k respectively cannot both be part of a feasible
schedule. Indeed, |(2max{m,n}(q;; —1)+1i)—
(2max{m,n}(qx;—1)+k)|=|k—i|, when ¢; ; =
@x;- Thus, doses j and [ cannot be administered
at the same age or at least !¢ = max{m,n}
apart since 0 < |k —i| < m < max{m,n} when
k # i. Conversely, if the gap between the only
allowable time to administer dose j of vaccine
1 and dose [ of vaccine k is greater than 0 but
less than ¢"*¢ = max{m,n}, then it must be the
case that ¢; ; = gx,;. Thus, finding a maximum
packing is equivalent to finding an extension of
s with the most number of completable vacci-
nation series. [J

5. Solution Approach

Although, the catch-up scheduling problem is
theoretically intractable, the typical size of the
catch-up scheduling problem does not pose a
huge challenge in terms of ultimately being able
to solve these problems. Instead, the challenge
we face is in being able to solve these prob-
lems consistently within a short amount of time
(generally a few seconds).

5.1. An Integer Programming model

Integrating an Integer Programming (IP) solver
such as the free to use Branch-and-Cut solver
provided by COIN-OR (www.coin-or.org)
within an automated tool although not a trivial
task, is a reasonably quick and fairly straight-
forward process and thus, was the obvious
choice as a starting point to solve the catch-up
scheduling problem.

By assigning binary variables to decisions
corresponding to administering a dose of some
vaccine at a given point in time chosen within
a predefined time discretization, we were able
to model the catch-up scheduling problem with
a natural time expanded formulation. In all,
instances of the catchup scheduling problem
typically required approximately 1,700 to 2,500
binary variables and about 600 constraints half
of which correspond to the constraints that cou-
ple together the timing and spacing of live-virus
vaccines.
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We encountered several difficulties with the
development and solution process of the IP
model. Primary of these was having to quan-
tify all objective measures within a single objec-
tive function. Recall that the paradigm for
constructing catch-up schedules has a clearly
defined hierarchy that requires us to maximize
the number of completable vaccination series
first before trying to maximize the number of
doses and minimize the total delay in admin-
istering doses. We tried to emulate this struc-
ture using a hierarchy of penalties in the objec-
tive that favored the completion of a vaccina-
tion series over the number of doses scheduled
and the delay in administering doses. Unfortu-
nately, the interaction of the large penalties for
skipping a dose with the penalties for delaying
administrations made the IP unstable in cer-
tain cases requiring far too much computation
time for an online tool. The problem was exac-
erbated by the fact that the feasible solutions
found early on in the process, were either of
poor quality or nonsensical even if they had rel-
atively small provable gaps.

On examining the problematic instances and
the fractional solutions they tended to favor,
we noticed a common theme: In most of these
instances, there were doses that were well over-
due and by choosing not to administer the dose
immediately, the dose may then fall within the
window of contraindication. Although we use
penalties to ensure this does not occur in any
optimal integer solution, it may indeed be the
case that the fractional solutions prefer to push-
back administering a dose in the hope that
it is contraindicated and thus we do not pay
the penalty for administering a delayed dose.
This form of gaming is clearly contrary to the
paradigm for constructing catch-up schedules.

To counter some of these difficulties, we used
priority branching that favors decision vari-
ables corresponding to doses that are well over-
due and/or on the verge of being contraindi-
cated and included additional constraints that
enforced a certain minimum number of doses
are always scheduled for each vaccine. In addi-
tion, we toiled with several alternative formula-
tions with fewer variables in the objective with
large penalties at the expense of more auxiliary

decision variables. We also relaxed some of the
problematic constraints that couple together
the decision making of different vaccines such
as limiting the number of simultaneous admin-
istrations and regulating the gap between live
vaccines. Depending on the tightness of the
limit on number of simultaneous administra-
tions, we only enforced this constraint for the
first few weeks of the future schedule horizon
and ignored the constraints coordinating the
schedule of live vaccines altogether. On the off-
chance that the optimal solution violates some
of these conditions, we were often able to cor-
rect the schedules heuristically by pushing-back
some doses without changing the schedule too
much. Rarely did we come across instances for
which we could not fix the solutions.

These simple schemes together with tuning
the cut and pre-processing parameters of the
solver brought down the solution times from
several minutes on average and up-to half an
hour for some instances, to few tens of sec-
onds on average and no more than a minute.
Although a vast improvement, we still needed
a certain worst-case guarantee of the runtime
that scales better than the IP. This prompted
us to investigate the possibility of using DP.

5.2. A DP Algorithm

In this section, we outline a DP algorithm for
solving the catch-up scheduling problem. We
start by identifying “dominance” of one sched-
ule over another.

DEFINITION 1 (DOMINANCE). Given two fea-
sible schedules s; and s, such that ¢t =1t(s;) =
t(s2), we say s; dominates sy or s; < sq, if we
can extend s; to a schedule that is at least as
good as any schedule obtained from extending
So.

Clearly, only non-dominated schedules are war-
ranted in the construction of the optimal sched-
ule. Unfortunately, given the complexity of the
problem, it is unlikely that there exist efficient
necessary conditions for proving dominance of
one schedule over another. However, we can
find reasonable sufficient conditions by observ-
ing that the required spacing between a pair
of doses of the same vaccine is generally non-
decreasing in the age the first dose in the pair
is administered. Using this observation, we can
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identify within a given schedule certain vaccine-
dose pairs that are deemed “critical” for the
timing, spacing and/or contraindication of any
remaining doses. We define the following to
identify these critical vaccine-dose pairs for a
feasible schedule s:

( veVyiie{l,...,n,(s)}
such that either:

Lo toi(s) +157 (e ') >
for some
je{n,(s)+1,...,n,}
and t' > t(s), or

ii. t,,(s) + ¢ > t(s) and
vE Vlive

(v,1):

/

Dominance can then be recognized by using
the criteria set out in the following proposi-
tion when assuming that the spacing required
between doses is non-decreasing in the age the
first dose in the pair is scheduled.

PROPOSITION 4. If  )°F.(t;,t;) is  non-
decreasing int; for allveV,ie{l,...,n,},j€
{i+1,...,n,}, and t;, then for any two feasible

schedules s; and sy such that t =t(s;) = t(sq),
s1 = So whenever:

D-1. n,(s1) >n,(s2) for allveV,

D-2. n,(s1) = n,(s2) for all v € Ve st
(v,n0(s)) € W(s),

D-3. t,,(s1) < ty,i(s2) for all (v,i) € U(s;)
such that i €{1,...,n,(s2)}, and

Dof 5 S duslsn) <
ZQ)EV Znu(é?) dv 1(52)-

The dominance criteria simply state that s;
dominates s, if (1) s; has scheduled at least as
many doses as s, for each vaccine, (2) s; has
scheduled the same number of doses as s, for
any live vaccine whose last dose in s; prohibits
the scheduling of any other live vaccine at age
t, (3) the timing of critical doses scheduled in
s1 is no later in s; than in s,, and (4) the total
delay in administering doses in common is no
worse in s; than in ss.

If the required gap between a pair of doses
is non-decreasing in the age the first dose is
scheduled, then intuitively it makes sense that a
schedule with the critical doses scheduled earlier
has more flexibility for scheduling future doses.
The remaining non-critical doses play no part in

determining the flexibility available for schedul-
ing the remaining doses but may contribute to
the overall quality of the schedule. The proof of
the validity of this dominance criteria is given
in the appendix.

Algorithm 1 The DP Algorithm
Input: schedule s.
Initialize:
planning horizon 7(s) = {t4,...
S(to) < {s}, and
S(ty) — {0} for all k=1, ...
Main Loop:
for k=1,...,|7(s)| do
/* Iteration k */
for all s € S(t;_1) do
for all V' CV st. |[V/|<M do
if (s',V’ ty) is feasible then
if s” A(s', V' tx) for any s” € S,,
then
remove from S;, any schedule s”
s.t. (¢, V' ty) = s”, and
Sty — S, U{(s, V' ti) }
end if
end if
end for
end for
end for
Output: schedule s* € St|7 - such that
[o(s"),n(s"), —d(s")] Zp [e(s)on(s"), —d(s")
for all s’ € Sth(s)\‘

’t\T(S)I}v

()]

Given criteria for efficiently recognizing dom-
inance, we can then use the DP algorithm out-
lined in Algorithm 1 to construct the optimal
schedule. We start by discretizing the plan-
ning horizon available to us to schedule the
remaining doses. The discretization is chosen
so that we do not delay administering an over-
due dose too much while leaving sufficient time
between discretization points to avoid frequent
visits to a clinic. Typically in practice, a weekly
discretization is used. For a given schedule s,
we define 7(s) = {t1,t2,...,tr(s)|} to be the
ordered set of time points corresponding to pos-
sible ages a dose can be administered starting
with ¢; > t(s). Thus, starting with s and age
to = t(s), the DP algorithm at each iteration
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constructs for some time point t;, all possible
schedules that can be obtained by extending
all non-dominated schedules constructed for age
ty—1. Here, we denote with (s',V’ t), the new
schedule resulting from extending schedule s’
by scheduling each vaccine in the set V' CV
at age t and setting t((s’,V’,t)) =t. Any newly
constructed schedule that is either infeasible or
dominated by an existing schedule is immedi-
ately discarded. Otherwise, the algorithm dis-
cards any schedule that may instead be domi-
nated by the newly constructed schedule.

PROPOSITION 5. At the end of iteration k of
Algorithm 1, S, contains all non-dominated
extensions of schedule s that do not have any
doses scheduled after age ty,.

Proof Let s’ be a feasible extension of s such
that t(s") = t,. We prove by induction on k that
at the end of iteration k, there exists s* € S;,
such that s* <s'.

If k=1, let V' be the set of vaccines that are
scheduled at age t; in s'. Since s’ = (s, V' t1),
and Sy, = {s}, s’ must have been constructed
during iteration 1. Thus, if ' ¢ S;,, at the end
of iteration 1, then it must have been discarded
due to dominance, i.e. there exists s* € §;, such
that s* <s'.

Suppose k> 1 and let V' be the set of vac-
cines that are scheduled at age t; in s’. Let s”
be the schedule obtained by removing vaccines
V' from ¢, i.e. ' = (s”,V' t;). By induction,
there exists s* € S;, _, such that t(s*") =t(s")
and s*” < s”. Let s** be the best extension of
s*"  and let V' be the vaccines scheduled on
day tp in s**. Since s*” < s”, it follows from
definition of dominance that any extension of
s” can be no better than the best extension of
s*". Thus, we must have s*' = (s*"", V" t;) =
s'=(s", V' ty). Finally, since s*" € S,, |, it fol-
lows that s*' must have been constructed during
iteration k. Thus, if s*’ ¢ S;, by the end of iter-
ation k, then it must have been discarded due
to dominance, i.e. there exists s* € §;, such that
s*<s. O
COROLLARY 1. At the end of iteration k of
Algorithm 1, S;, contains the best extension of

s that does not have any doses scheduled after
age ty.

Thus, starting with a partial schedule contain-
ing only the past vaccination history of the
child, the DP constructs the optimal schedule
for administration of the remaining doses. Using
the given dominance criteria, we are able to
solve most instances within a second and have
never encountered any practical instance that
took longer than a handful seconds to solve.

Note that if there is no limit on the number of
simultaneous administrations, and no live vac-
cines, then there would be no reason to delay
administration of some overdue dose. Indeed,
in this case, for a given schedule s’ and feasi-
ble extensions (s, V' t) and (s’, V" t), it follows
from Proposition 4 that (s, V' t) < (s, V" t) if
V" CV'. Thus, one can construct an optimal
extension of a given schedule by simply schedul-
ing sequentially in time all vaccines that can
be feasibly scheduled at a given age. This leads
to an algorithm that is linear in the number of
time points.

Even if there are live vaccines, the current
rules require a spacing of 28 days when they are
not scheduled during the same visit. Thus, since
the required spacing between doses of the same
vaccine is at least four weeks in most cases and
since we use a weekly discretization, enforcing
the spacing between live vaccines does not in
practice have a huge impact on the size of the
state-space explored by the DP algorithm.

5.3. Practical Issues

The following are some of the more practical
considerations made to ensure the day-to-day
practicality, usefulness, and long-term sustain-
ability of the solution approach within a deci-
sion support tool.

5.3.1. Regular Versus Accelerated
Schedules. Once a child has caught-up to
the original schedule for some vaccine, it is
then undesirable to administer any subsequent
doses before the recommended age if possible.
In this case, we penalize both the delay and
premature scheduling of any subsequent doses.
On the other hand, rather than target the rec-
ommended age, in an accelerated schedule the
doses are scheduled as soon as feasibly possi-
ble. Accelerated schedules may be preferable
in cases where a child comes from a histori-
cally high risk demographic, or if they have a
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sporadic vaccination history. Constructing an
accelerated schedule is easily achieved by sim-
ply setting the recommended age to the earliest
possible time for administering a dose. In the
tool, the user is given the choice to construct
a regular schedule as well as an accelerated
schedule.

5.3.2. Combination Vaccines. The use
of combination vaccines, which combine two
or more vaccinations within a single shot, is
another practical consideration of note. Simul-
taneous administration of vaccines under the
guidelines set out by ACIP is an encouraged
practice (see recommendations in Plotkin and
Orenstein (2004) and Atkinson et al. (2006))
since studies have shown that this practice
places almost no additional burden on the
immune system of a healthy child. Combination
vaccines thus, allow for equal coverage with less
discomfort to a child.

One can administer a combination vaccine
only if it is feasible to administer each individ-
ual vaccine in the combination. Although we
have not explicitly included this as part of our
model, we can ensure vaccines bundled within
a combination are scheduled together by simply
enforcing that the subset of vaccines V'’ that is
used to extend a schedule in the DP algorithm
contains either all the vaccines in a given com-
bination or none of them. In this way, vaccines
belonging to the same combination are always
aligned to be scheduled at the same age.

5.3.3. Dealing with an Infeasible Vac-
cination History. The DP algorithm works
under the premise that the schedule we start
with is feasible. This may not necessarily be the
case if a child’s vaccination history is used as
the starting point. It may be the case that the
user has simply entered data incorrectly or, the
child has actually received an incorrect dose in
the past. In either case, we use the feasibility
checker within the DP to check the feasibility of
the starting schedule and warn the user if there
are any irregularities. If it is confirmed that a
dose has been incorrectly administered in the
past, the user is prompted to remove such doses
from the vaccination history to allow the sched-
uler to reschedule the dose.

5.3.4. Testing and Piloting. To ensure
the tool is accurate, easy to use and reflects
the current and future needs of providers and
caretakers, we have collaborated closely with
both the rule makers and the potential users.
A beta version of the tool was demonstrated at
the AAP National Conference and Exhibition
(NCE) 2007 and presented to the Committee
on Infectious Diseases (COID) as well as several
pediatric clinics in Atlanta, GA. The feedback
gathered was used to develop the user interface
and design the output to best meet the needs
of caretakers and providers.

5.3.5. A Vaccine Modeling Language.
When new vaccines are added to the lineup, or
modifications are made to the rules for exist-
ing vaccines, the core optimization technology
remains unchanged. Although this seems like an
obvious statement, it is of vital importance for
the sustainability of the tool within a environ-
ment where the people responsible for updating
the tool may not be familiar with optimization
or optimization based technologies. The tool
contains an external wrapper called the Vaccine
Modeling Language (VML) that allows autho-
rized persons to add new vaccines or modify the
characteristics of existing vaccines easily with-
out having to change the fundamental compo-
nents of the algorithm. The VML is a tabu-
lar encapsulation of all the characteristics that
define the rules and guidelines for each vaccine.
Here, an expert user may set such input as the
number of doses for a new vaccine, the mini-
mum and maximum age for each dose, and a
matrix as shown in Table 1 to regulate the gap
between two doses given the current age of the
child and the age at which the first dose in the
pair is administered.

6. A Case Study of Two Scenarios

In this section, we present four solutions
obtained for two different real-life scenarios for
children requiring catch-up schedules. These
cases present varying levels of urgency in terms
of how far behind a child has fallen as well
as demonstrate the action/in-action of different
rules that govern the timing, spacing and pre-
mature termination of a series.



SAULDILIUL e UVWLLIT WY WJULICUWUWWEUIVY JUYT VIV UL ¥V WLLEIvLLeUi1e

12 Operations Research 00(0), pp. 000-000, © 0000 INFORMS

Figure 3 A catch-up schedule constructed for Case 1.
Schedule generated for: *####iikiiiit on Apr 21, 2008 (04/21/2008)
Birth Date: Dec 21, 2007 (12/21/2007). Current Age: 0 year/s, 4 month/s and 0 week/s
ge 0-4 1-3 36 612 | 12-15 15-18 1824 | 34 46

weeks | months months months | months months months | years years

fec. Date 12/21/07 |02/21/08 Today 05/19/08 |06/16/08 |12/15/08 (03/09/09 |04/10/09 |06/19/09 [11/20/09 12/12/11 {12/13/13 |Tally
(mm/dd/yy) 04/21/08
o o o0 3
Rota o8
_— ap_co | op op oD 55
Hib [AD cp | op |op e
pov (a0 fco | opb [op s
Py oD op s
MR oD oD 22
Var oD oD 22
HepA oD oD 22
m - Administered Dose - Catch-up Dose  OD - On-time Dose m - Preemptive Dose

Figure 4  An accelerated schedule constructed for Case 1.

Schedule generated for: ## kst on Apr 21, 2008 (04/21/2008)
Birth Date: Dec 21, 2007 (12/21/2007). Current Age: 0 year/s, 4 month/s and 0 week/s

A 0-4 1-3 3-6 6-12 12-15 15-18 18-24 | 3-4 | 4-6
ge

weeks months months months months months | months |years |years
M 12/21/07 02/21/08 TOday 05/19/08 06/02/08 06/16/08 |07/14/08 12/15/08 01/12/09 |03/09/09 |03/13/09 04/10/09 06/19/09 11/20/09 |12/12/11 12/13/13 TaIIM
(mm/ddlyy) 04/21/08
HepB m 3/3

0/3

DTaP P | op 55
Hib oD 4/4

PCV op 44
12 o | an

MMR oo BN 22
Var oD m I

HepA ob oD 22
E— Administered Dose - Catch-up Dose OD - On-time Dose H Preemptive Dose

Case 1: A 4 month old child who has received ~ OD — an On-time Dose scheduled during the

HepB at birth and one each of HepB, DTaP,
Hib, and PCV at 2 months of age.

Case 2: A one year old child without any vac-
cination.

Figures 3-6 display the different solutions
obtained for each of the two scenarios. The first
two rows of each chart displays the age and
dates for scheduled visits. The first column cor-
responds to the vaccine line-up. Each box in
the chart represents four possible outcomes for
a scheduled dose:

AD - an already Administered Dose,
CD — a Catch-up Dose scheduled after the rec-
ommended age,

recommended age, and

PD — a Preemptive Dose scheduled before the
recommended age.

At the end of each row we give a tally of doses
administered /scheduled out of the total recom-
mended for a vaccination series to be considered
completed.

Consider the solution obtained for Case 1
shown in Figure 3. Note that the Rota vaccine
has been skipped altogether since this vacci-
nation series must be started by 12 weeks of
age and no doses can be administered after 32
weeks. Note also that although this child is 4
months behind for 5 of the 9 vaccines, the sched-
ule has the child catch-up for all but Rota by
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Figure 5 A catch-up schedule constructed for Case 2.
Schedule generated for: ######kiiitit on Apr 21, 2008 (04/21/2008)
Birth Date: Apr 21, 2007 (04/21/2007). Current Age: 1 year/s, 0 month/s and 0 week/s
612 12-15 15-18 18-24 3-4 4-6
Age months months months months years years
jac.Date || Today 05/19/08 |06/16/08 |07/12/08 |08/11/08 10/18/08 |12/15/08 |03/21/09 04/16/11 04/13/13 |Tally
(mm/dd/yy) |04/21/08
Rota 0/3
o [co [ op m
we 0D oD 22
Var oD oD 2
teps  OD oD 2
E - Administered Dose - Catch-up Dose  OD - On-time Dose m - Preemptive Dose
Figure 6 A catch-up schedule constructed for Case 2 when limiting the number of simultaneous administrations

to 4 vaccines.

Schedule generated for: s#isisssisisisisioiek on Apr 21, 2008 (04/21/2008)

Birth Date: Apr 21, 2007 (04/21/2007). Current Age: 1 year/s,

0 month/s and 0 week/s

6-12 12-15 15-18 18-24 3-4 4-6

Age months months months months years years

Bec. Dale | Today 04/28/08 |05/19/08 (06/02/08 (06/16/08 |07/12/08 |08/25/08 |10/18/08 |11/03/08 |12/15/08 |03/21/09 |04/16/11 04/13/13 Tally
(mmy/dd/yy) 04/21/08

Rota o3 |
e n
o o o w
R op op 22
Var op oD 22
Hepa op oD 22

m - Administered Dose - Catch-up Dose  OD - On-time Dose m - Preemptive Dose

6 months of age. This is indicated by the trail-
ing OD boxes at 6 months of age. Observe that
once a child has caught-up, we are able to offer
a range of valid dates for administration of the
remaining doses as in the original recommended
schedule given in Figure 1.

The solution show in Figure 4 is also for Case
1, except this time an accelerated schedule is
constructed. Observe that the third doses of
HepB, DTaP, Hib and PCV along with the
final doses of IPV, MMR and Var have all
been brought forward. However, due to the
required spacing, fewer doses could be aligned
during future visits and thus, additional visits
are required to complete the vaccination series

in the accelerated schedule compared to the reg-
ular schedule given in Figure 3. In practice, a
provider might use the information provided by
the accelerated schedule to check all vaccines
that can be administered on the current day and
then construct a regular schedule for adminis-
tration of future doses.

The final two solutions (Figures 5 and 6) dis-
play the solution for Case 3 which is often the
standard scenario for internationally adopted
or immigrant children presumed not to have
received any vaccinations (see Cohen and Veen-
stra (2006)). Since the one year old child is
assumed not to have received any vaccinations,
the standard recommendation as displayed in



14

SAULDILIUL e UVWLLIT WY WJULICUWUWWEUIVY JUYT VIV UL ¥V WLLEIvLLeUi1e

Operations Research 00(0), pp. 000-000, © 0000 INFORMS

Figure 5 is to vaccinate the child with all 8 vac-
cines that can be feasibly administered on the
current day. However, unless a clinic has many
of these in combination, it is unlikely that they
would actually administer 8 shots during a sin-
gle visit. Figure 6 displays the solution when
the user chooses to restrict the maximum num-
ber of simultaneous administrations to 4. Note
how the scheduler has chosen to push back the
first doses of HepB, MMR, Var and HepA. Since
HepB, DTaP, Hib and PCV are long overdue
priority is given to these vaccines over MMR,
Var, and HepA. Note that when a range of pos-
sible dates is given for administering some dose,
we assume the child will receive the dose on the
first day in the recommended interval for the
purposes of restricting the number of simulta-
neous administrations.

7. The Scheduler in Practice

The tool was downloaded over 7,000 times from
CDC’s website in its first month of release to
the public and continues to be downloaded at a
rate over 1,500 per week. The tool has also been
featured in over 50 different online magazines
and new articles including the Washington Post
(Kritz (2008)), U.S. News (Shute (2008)), and
was recently featured on the front page of AAP
News (Cash (2008)).

Several physicians including Dr. Bocchini
(chair of the AAP Committee on Infectious
Diseases) and Dr. Robert Harrison (Children’s
Healthcare of Atlanta) who have used the tool
have commented that in a busy office they
appreciate the rapidity with which decisions
can be made by using the tool when a child
falls behind on his or her immunizations. They
noticed that parents have brought the schedule
with them to physician visits and are able to
ask appropriate questions and feel they are part
of the process. The amount of time saved in
determining what vaccines need to be adminis-
tered when a child is behind and the confidence
that the recommended vaccines are adminis-
tered are major benefits to them. Moreover,
physicians feel that the scheduler helps them
ensure that children receive vaccines within the
recommended guidelines.

Feedback from parents have also been very
positive. Parents have benefitted from using the
tool by understanding the complexity of the
immunization schedule and the importance of
keeping their children up to date with their
immunizations. When children fall behind on
their immunizations, the tool has provided an
opportunity to know what immunizations are
recommended on physician visit days and what
immunizations will be given during future vis-
its. Parents have stated that they appreciate
being part of the immunization process by
becoming educated and able to discuss vac-
cine issues with their child’s physicians and
nurses. Parents also like to be able to print
their child’s personalized schedule of the recom-
mended dates to administer future vaccines.

8. Conclusions

Although there have been significant improve-
ments in infection and mortality rates for vac-
cine preventable diseases since vaccines were
first licensed for recommended use, tens of thou-
sands of children in the United States still con-
tract and many die from vaccine preventable
diseases each year (Roush et al. (2007)). Fur-
thermore, given the enormous direct and indi-
rect cost on society of not immunizing children,
and the fact that many children fall behind
and might not receive the optimal protection
against vaccine preventable diseases, the pos-
sible socioeconomic and health benefits from
ensuring the timely and accurate administra-
tion of vaccines could be significant.

Health care providers are faced on a daily
basis with the challenging task of constructing
catch-up schedules for childhood immunization.
The manual process of constructing such sched-
ules is both difficult and time consuming often
resulting in inaccurate or incomplete schedules
that can have a detrimental impact on the time-
liness of coverage rates.

In this paper, we examine the complicating
characteristics of the catch-up scheduling prob-
lem and design a DP algorithm that constructs
a schedule for a child based on their vaccina-
tion history and current age that are optimal
with respect to the potential coverage provided
to the child. By observing and exploiting the



LAUDILUL s VUWWLITT UL JLICWWGILY JUYVT IINWNIPUUW ¥V WLL TV veJio

Operations Research 00(0), pp. 000-000, © 0000 INFORMS

15

fact that the separation required between doses
of the same vaccine is non-decreasing in the age
some previous dose is administered, we derive
dominance criteria that are sufficiently tight in
practice to solve practically sized problems very
quickly.

The tool is currently available for download
from CDC’s website (www.cdc.gov/vaccines/
scheduler/catchup.htm) and is being advo-
cated by both the CDC and AAP as a means of
encouraging caretakers and providers to take a
more proactive role in ensuring timely vaccina-
tion coverage of children under their care, and
ensuring the accuracy and quality of a catch-up
regime.
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Appendix. Validity of Dominance Crite-
ria

Proof of Proposition 4. Let s, be a feasible
extension of schedule s;. We show that we can
use s, to construct a feasible extension of s;
that is at least as good as s).

Let s} be the schedule obtained from extend-
ing s; by scheduling for each vaccine v € V,
doses i € {n,(s1)+1,...,n,(s5)} at age t,,:(s}).
We first show that s/ is feasible.

Clearly, since s; and s, are feasible, s} must
be feasible for the age window for each dose of
each vaccine.

Again, since s; and s, are feasible, s] must
clearly be feasible for the spacing between
any pair of doses ¢ and j of some vaccine v
when 7,7 € {1,...,n,(s1)} or i,7 € {n,(s;) +
1,...,m,(s7)}. We next show that spacing is
also feasible when i € {1,...,n,(s1)} and j €
{n,(s1)+1,...,n,(s))}. Ifi> nq,(sg) then since
t(s1) = t(s2), i cannot be scheduled earlier in
s, than in s}. Similarly, if (v,i) € ¥(s;) and
i€ {l,...,n,(s2)}, then from condition D-3
it again follows that ¢ cannot be scheduled
earlier in s, than in sj. Thus, in both cases,
since j is scheduled at the same age in s}
and s, and since we assume the minimum gap

required is non-decreasing in the age dose 7
is given, the spacing between the administra-
tion times of doses ¢ and j must be feasible
in s} if it is feasible in s,. Hence, we may
assume that (v,i) & W(sy). If (v,7) ¢ U(sy), then
by definition of ¥(s;), we must have t,;(s1) +
97 (ty,i(s1),t") < t' for all ' > t(s;) and thus,
(1) + 122 (Hi(51) by (1)) < to(s)) since
ty.i(s) =t,,i(s1) and ¢, ;(s]) > t(s1). Hence, the
gap between doses ¢ and j must again be fea-
sible. We next show that s| is feasible for the
spacing between live vaccines as well.

As with the spacing of doses of the same vac-
cine, since s; and s, are feasible, s} must also be
feasible for the spacing between any two doses
1 and j of live vaccines v and w respectively
whenie{1,...,n,(s1)}and j €{1,...,nu(s1)},
ori€{n,(s1)+1,...,n,(s)} and j € {n,(s1)+
1,...,n4(s})}. We next show that the spac-
ing is also feasible when i € {1,...,n,(s1)} and
j € {ny(s1) +1,...,n,(s))}. Indeed, if (v,i) ¢
U(sy), then it follows from definition of W(s;)
that ¢, ;(s1) + "¢ <t(sy). Thus, since t,, ;(s}) >
t(s1), it follows that t, ;j(s}) — t,(s1) > t'™e.
Hence, we may assume (v,i) € ¥(s;) and thus
since t,,;(51) < tyny(s;) also (v,m,(s1)) € ¥(sq).
In this case, we have from condition D-2 that
ny(81) = ny(s2) and thus, from condition D-3
that t,;(s1) <t,.:(s2). By construction of s/, we
have t,, ;(s}) = tw ;(sh), and thus s} must be fea-
sible with respect to the spacing between doses
i and j of live vaccines v and w if s}, is feasible.

As a final note on the feasibility of s/, observe
that by construction of s}, s| has at most the
same number of doses scheduled as s}, after age
t. Thus, since s; and s, are feasible, s} does
not violate the maximum number of allowable
vaccinations at any age.

We next show that s| is at least as good as
s,. Indeed, observe that by condition D-1 and
construction of s, s} has at least the same num-
ber of doses scheduled than s}, for each vaccine.
Thus, c(s}) > c(sh) and n(s}) > n(sh). Further-
more, if n(s)) = n(s}), then n,(s]) = n,(s,)
for all v € V. Thus, any dose scheduled in s;
but not in s, is scheduled at a later age in s,

and thus we have Y _, St d,a(s)) <

i=ny(sg)+1

Y ey Z?“T(:(; 1 d,.i(sh). In addition, by con-
struction of s}, the timing of doses sched-

uled in s} but not in s; is the same as in s,
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and thus we have > _, > () g, i(s) =

i=nq(s1)+1
Z'UEV Z?U;il()gl)'i‘l d, i(sy). Finally, from condi-

tion D-4 , it follows that ) _,, Z"“(SZ) d,i(s)) <

ZUGVZ"”“”dm(sz) thus, d(s}) <
d(SQ) O

and
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